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(Blockwise) ML Decoding

o C ... linear code
® x=(x1,...,%p) ... sent codeword

® y=(»,..-,¥n) ... received word - constant

(Blockwise) Maximum Likelihood (ML) decoder:
o the best possible decoder
@ minimizes the probability of block error Pg

X = argmax P(x|y)
xeC
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(Blockwise) ML Decoding

o C ... linear code
® x=(x1,...,%p) ... sent codeword

® y=(»,..-,¥n) ... received word - constant

(Blockwise) Maximum Likelihood (ML) decoder:
o the best possible decoder
@ minimizes the probability of block error Pg

X = argmax P(x|y)
xeC

Calculation:
Qargmax U L argmax PP L argma Pl
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Blockwise / Bitwise ML Decoding

(Blockwise) Maximum Likelihood (ML) decoder:
o the best possible decoder
@ minimizes the probability of block error Pg

X = argmax P(x|y)
xeC

Find the most probable codeword, X always € C.
(Bitwise) Maximum Likelihood (ML) decoder:

o suboptimal decoder

o efficient to calculate (approximate) in practice

X =arg max P(x; Vi=1,...,n
PR o) Galy)

The most probable bit-by-bit decoding, x does not need to € C.
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Bitwise ML Decoding (cont.)

Xi = a ax P(x;
% =arg max (xily)

@ arg max P(x|y)

x;€{0,1} &
1#'
@0 e 5 PURPR)
X,'G{O,].} Xj P(.y)
i
(3
2 P(y|x)1
argXirg{%ﬁ}XZj (Y[x¥) Lixecy
i
@
= ng{%ﬁ}z |_| P(yilx)Lixecy
1#'

Iixecy =1 if x € C and 0 otherwise - code membership fn.
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Example 1: Repetition Code R3 over BSC(0.1)
y=(1,1,0), P(yy=x|xy=x)=0.9, P(yy=1—x|x;=x)=0.1

AN VAV,
fi(x) = P(yilx), f2(x) = P(y2lx), f3(x) = P(ys|x)

x2—arg max z f(Xl)f(Xg)f(X3)ﬂ{Xec}

X2€{0 1}X1 X3

= arg max z f X].)f X2 (X3)1]‘{X1+X2=0}1]'{X2+X3=0}

X2€{0 X1,X3

N argng{%xl}fz X2 <zﬂ X1 l{X1+X2 0}) <%6(X3)]1{X2+X3—0})
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Example 1: Repetition Code R3 (cont.)
y=(1,1,0), P(yy=x|xy=x)=0.9, P(yy=1—x|x; =x)=0.1
h(:)=Plnl) =f()=Plyel)=(1,9), ()= Plys|)=(.9,.1)

How to evaluate

ko = arg m{%xl}ﬁ X2 <zf1 X1 1{x1+><2 0}) <Z f3(X3)11{xz+X3:0})
X3

Cl/XZ\Cz
‘

X1 X3
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Example 1: Repetition Code R3 (cont.)
() = POnl) =f() = Pyl) = (1,9) , () = P(y3]-) = (.9,-1)

Evaluating X;

2 =arg max 60)( S0 oo ) (609 o)

(1,.9) (.9,.1)

X2
(o} Co
(.1,.9)/ \(.9,.1)

pass through (x1 X3) pass through
N
(.1,.9) (:9,.1)
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Example 1: Repetition Code R3 (cont.)
() = POnl) =f() = Pyl) = (1,9) , () = P(y3]-) = (.9,-1)

Evaluating X

(1,.9) (9,.1)
X = f; f 1 — f- iy ssae
%2 =arg max, 2(X2)<; 1(x1) {xl+X20}) <% 306) L4 0})
(1,.9) (.9,.1)
X2
(.1,.9)/ \(.9,.1)
sum of products & ¢2  sum of products
/ N
(1,.9) (9,1)
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Example 1: Repetition Code R3 (cont.)
() = POnl) =f() = Pyl) = (1,9) , () = P(y3]-) = (.9,-1)

Evaluating X

(.009,.081)
X2 = argxzfg{aoxl}ﬁ X2 <Zf1 X1) L fq 0= 0}> <%%(X3)1{X2+X3=0}>
(.1,9)
(1,.9) (.9,.1)
(.1,.9)
|
X2) the final product
/N
(1,9 (9,.1)

Final result: X, =1
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Example 1: Repetition Code R3 (cont.)
i) = POnl) =H() = Pyl)=(1,9) , () = P(ys]-) = (.9,.1)

How to evaluate

X1 =arg xlrg{ao)?(l} Xg@ fi (Xl ) f (X2 ) f3 (X3 ) 1 {x1+x2=0} ]l{xz +x3=0}
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Example 1: Repetition Code R3 (cont.)
() = POnl) =f() = Pyl) = (1,9) , () = P(y3]-) = (.9,-1)

Evaluating X1: (overlines denote the order of evaluation)

5\<]. = arg Xlrg{ao)fl} ﬁ.(Xl) [; f2(X2) <% f3(X3):[]‘{Xz+X3=0}> ]]'{X1+X2=0}:|

(.009,.081)

the final product (x1
P / w,.og) sum of products

G
(1.9) (:09..09) all-but-outgoing product
\X2 (9,.1)
/ \C
(1,.9) 2%1)

X3

sum of products

pass through ™~ (.9,.1)
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Example 1: Repetition Code R3 (cont.)
() = POnl) =f() = Pyl) = (1,9) , () = P(y3]-) = (.9,-1)

Evaluating X1: (overlines denote the order of evaluation)

=arg max )| 60)( Z R0t ) Lol

(.009,.081)

the final product (x1
w,.og) sum of products

(4]
(1,9) w,m) all-but-outgoing product
X2
(9,.1)
7 \ - sum of products
(1,.9) (9,.1)
\Xa %
Final result: %, =1 all-but-outgoing product (9,.1)
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Example 1: Evaluating All X;s in Parallel

X1 =arg max fi(x1 {zfz X2)<Zf3 x3) 1 {43 = 0}) Lixytoo= 0}}

1€{0,1}
X2 = argxzfg{aoxl}ﬁ X2 <Zf1 X1) L fq 0= 0}> <%%(X3)1{X2+X3=0}>
X3 = argx;g{aox}ﬁ X3 {zfz X2)<Zf1 X1 11{X1+xz 0}> 11{X2+X3 0}}
(1,.9)
sum of products l sum of products
(.09,.09) (.09,.09) (.9..1) (.9,.1)
X1 Cc1 X2 C X3
/(1.9 (1,.9) (.01,.81) (01.81) R
all-but-outgoing
(1.9) product (9:-1)
final products (marginals):
(-009,.081) (.009,.081) (-009,.081)
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Example 2: Other Code Over BSC(0.1)
y=1(0,1,1,0,0,0,0), P(yy=x|x; =x)=0.9, P(yy=1—x|x=x)=0.1

Lixect = Liqretxa=0} Lixs+xa+x=0} L {xs+x5+x=0}

7
X1 =arg max z I_l 7(i(Xi)]l{XEC}
X1€{0a1}X2 ,,,,, X7 1=1
7
X4 =arg max I_l ﬁ(x,')]l{xec}
X {01} s xp x4 X5 x6,x7 1=1
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Belief Propagation Algorithm

Initialization:

(1,1) —(x set all check-to-variable messages to (1,1)

Node processing update rules:
Update all variable-to-check and then all check-to-variable messages.

(M1(0), M1 (1)) ~ (m1(0),m1(1))

- — Xj —— (m(0),m(1)) <o —— € —— (M(0),M(1))
(Mg(0),Mq(1)) (mg(0),my(1))
m(x) = P(yi|x) {2y Mj(x) M(x) = 3 ... xq Lisa ttxg=s) 122 mi ()

Repeat these node processing update rules as many times as needed.

Bitwise ML estimate of bit x;:
(M1(0), M1 (1)) ~.
— X %i = argmaxye(o,1} P(yilx) M9y Mj(x)

My My (1)) —
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Simplification of the Messages

Message update rules can be simplified to only track one
number, log-likelihood ratio

/:|nr:|nm(1)

Derivation ...
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Belief Propagation Algorithm

Log-likelihood Ratio Domain
Initialization:
0 —( X set all check-to-variable messages to 0

Node processing update rules:
Update all variable-to-check and then all check-to-variable messages.

L1 Il
X — ] e — C —— L
Ly la
I=In ggﬁg + 2}1:1 L; L=2tanh™! (ﬂf’zl tanh(/;/2))

Repeat these node processing update rules as many times as needed.
Bitwise ML estimate of bit x;:

Ly y \0

0 if Ingpt y+ L;>0

>XI X = ZJ 1
L 1 otherwnse
d
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