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(Blo
kwise) ML De
odingC ... linear 
odex = (x1, . . . ,xn) ... sent 
odewordy = (y1, . . . ,yn) ... re
eived word - 
onstant(Blo
kwise) Maximum Likelihood (ML) de
oder:the best possible de
oderminimizes the probability of blo
k error PBx̂ = argmaxx∈C P(x |y)
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(Blo
kwise) ML De
odingC ... linear 
odex = (x1, . . . ,xn) ... sent 
odewordy = (y1, . . . ,yn) ... re
eived word - 
onstant(Blo
kwise) Maximum Likelihood (ML) de
oder:the best possible de
oderminimizes the probability of blo
k error PBx̂ = argmaxx∈C P(x |y)Cal
ulation:x̂ (1)
= argmaxx∈C P(y |x)P(x)P(y)

(2)
= argmaxx∈C P(y |x)P(x)

(3)
= argmaxx∈C P(y |x)Bitwise ML De
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Blo
kwise / Bitwise ML De
oding(Blo
kwise) Maximum Likelihood (ML) de
oder:the best possible de
oderminimizes the probability of blo
k error PBx̂ = argmaxx∈C P(x |y)Find the most probable 
odeword, x̂ always ∈ C .(Bitwise) Maximum Likelihood (ML) de
oder:suboptimal de
odere�
ient to 
al
ulate (approximate) in pra
ti
ex̂i = arg maxxi∈{0,1}P(xi |y) ∀i = 1, . . . ,nThe most probable bit-by-bit de
oding, x̂ does not need to ∈ C .Bitwise ML De
oding Algorithm for LDPCs 3 of 17



Bitwise ML De
oding (
ont.)x̂i = arg maxxi∈{0,1}P(xi |y)

(1)
= arg maxxi∈{0,1}∑xjj 6=i P(x |y)

(2)
= arg maxxi∈{0,1}∑xjj 6=i P(y |x)P(x)P(y)

(3)
= arg maxxi∈{0,1}∑xjj 6=i P(y |x)1{x∈C}

(4)
= arg maxxi∈{0,1}∑xjj 6=i n

∏l=1P(yl |xl )1{x∈C}1{x∈C} = 1 if x ∈ C and 0 otherwise - 
ode membership fn.Bitwise ML De
oding Algorithm for LDPCs 4 of 17



Example 1: Repetition Code R3 over BSC(0.1)y = (1,1,0), P(yl = x |xl = x) = 0.9, P(yl = 1− x |xl = x) = 0.1H =

( 1 1 00 1 1 )
x1 x2 x3
1 
2f1(x) = P(y1|x), f2(x) = P(y2|x), f3(x) = P(y3|x)x̂2 = arg maxx2∈{0,1} ∑x1,x3 f (x1)f (x2)f (x3)1{x∈C}

= arg maxx2∈{0,1} ∑x1,x3 f (x1)f (x2)f (x3)1{x1+x2=0}1{x2+x3=0}
= arg maxx2∈{0,1} f2(x2)(∑x1 f1(x1)1{x1+x2=0})(

∑x3 f3(x3)1{x2+x3=0})Bitwise ML De
oding Algorithm for LDPCs 5 of 17



Example 1: Repetition Code R3 (
ont.)y = (1,1,0), P(yl = x |xl = x) = 0.9, P(yl = 1− x |xl = x) = 0.1f1(·) = P(y1|·) = f2(·) = P(y2|·) = (.1, .9) , f3(·) = P(y3|·) = (.9, .1)How to evaluatex̂2 = arg maxx2∈{0,1} f2(x2)(∑x1 f1(x1)1{x1+x2=0})(

∑x3 f3(x3)1{x2+x3=0})
x1

x2
x3
1 
2
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Example 1: Repetition Code R3 (
ont.)f1(·) = P(y1|·) = f2(·) = P(y2|·) = (.1, .9) , f3(·) = P(y3|·) = (.9, .1)Evaluating x̂2x̂2 = arg maxx2∈{0,1} f2(x2)(∑x1 f1(x1)︸ ︷︷ ︸

(.1,.9) 1{x1+x2=0})(

∑x3 f3(x3)︸ ︷︷ ︸

(.9,.1) 1{x2+x3=0})
x1

x2
x3
1 
2

(.1, .9) (.9, .1)pass through pass through(.9, .1)(.1, .9)
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Example 1: Repetition Code R3 (
ont.)f1(·) = P(y1|·) = f2(·) = P(y2|·) = (.1, .9) , f3(·) = P(y3|·) = (.9, .1)Evaluating x̂2x̂2 = arg maxx2∈{0,1} f2(x2)( (.1,.9)
︷ ︸︸ ︷

∑x1 f1(x1)︸ ︷︷ ︸

(.1,.9) 1{x1+x2=0})(
(.9,.1)

︷ ︸︸ ︷

∑x3 f3(x3)︸ ︷︷ ︸

(.9,.1) 1{x2+x3=0})x2
1 
2
(.1, .9) (.9, .1)sum of produ
ts sum of produ
ts(.9, .1)(.1, .9)
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Example 1: Repetition Code R3 (
ont.)f1(·) = P(y1|·) = f2(·) = P(y2|·) = (.1, .9) , f3(·) = P(y3|·) = (.9, .1)Evaluating x̂2x̂2 = arg maxx2∈{0,1} (.009,.081)
︷ ︸︸ ︷f2(x2)
︸ ︷︷ ︸

(.1,.9) (

∑x1 f1(x1)1{x1+x2=0}
︸ ︷︷ ︸

(.1,.9) )(

∑x3 f3(x3)1{x2+x3=0}
︸ ︷︷ ︸

(.9,.1) )

x2
(.1, .9) (.9, .1)(.1, .9)

the �nal produ
t the �nal produ
tFinal result: x̂2 = 1Bitwise ML De
oding Algorithm for LDPCs 9 of 17



Example 1: Repetition Code R3 (
ont.)f1(·) = P(y1|·) = f2(·) = P(y2|·) = (.1, .9) , f3(·) = P(y3|·) = (.9, .1)How to evaluatex̂1 = arg maxx1∈{0,1} ∑x2,x3 f1(x1)f2(x2)f3(x3)1{x1+x2=0}1{x2+x3=0}
?
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Example 1: Repetition Code R3 (
ont.)f1(·) = P(y1|·) = f2(·) = P(y2|·) = (.1, .9) , f3(·) = P(y3|·) = (.9, .1)Evaluating x̂1: (overlines denote the order of evaluation)x̂1 = arg maxx1∈{0,1} f1(x1)[∑x2 f2(x2)(∑x3 f3(x3)1{x2+x3=0})1{x1+x2=0}]
︸ ︷︷ ︸

(.009,.081)x1 x2 x3

1 
2

(.9, .1)(.9, .1)(.09, .09)(.09, .09)
(.9, .1)(.1, .9)(.1, .9)

pass throughsum of produ
tsall-but-outgoing produ
tsum of produ
tsthe �nal produ
t
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Example 1: Repetition Code R3 (
ont.)f1(·) = P(y1|·) = f2(·) = P(y2|·) = (.1, .9) , f3(·) = P(y3|·) = (.9, .1)Evaluating x̂1: (overlines denote the order of evaluation)x̂1 = arg maxx1∈{0,1} f1(x1)[∑x2 f2(x2)(∑x3 f3(x3)1{x2+x3=0})1{x1+x2=0}]
︸ ︷︷ ︸

(.009,.081)x1 x2 x3

1 
2

(.9, .1)(.9, .1)(.09, .09)(.09, .09)
(.9, .1)(.1, .9)(.1, .9)

all-but-outgoing produ
tsum of produ
tsall-but-outgoing produ
tsum of produ
tsthe �nal produ
t
Final result: x̂1 = 1Bitwise ML De
oding Algorithm for LDPCs 12 of 17



Example 1: Evaluating All x̂is in Parallelx̂1 = arg maxx1∈{0,1} f1(x1)[∑x2 f2(x2)(∑x3 f3(x3)1{x2+x3=0})1{x1+x2=0}]x̂2 = arg maxx2∈{0,1} f2(x2)(∑x1 f1(x1)1{x1+x2=0})(

∑x3 f3(x3)1{x2+x3=0})x̂3 = arg maxx3∈{0,1} f3(x3)[∑x2 f2(x2)(∑x1 f1(x1)1{x1+x2=0})1{x2+x3=0}]
x1 x2 x3
1 
2 (.9, .1)(.9, .1)(.09, .09)(.09, .09)

(.01, .81)(.01, .81)(.1, .9)(.1, .9)
(.9, .1)(.1, .9) (.1, .9) sum of produ
tsall-but-outgoingprodu
tsum of produ
ts

�nal produ
ts (marginals):
(.009, .081) (.009, .081) (.009, .081)Bitwise ML De
oding Algorithm for LDPCs 13 of 17



Example 2: Other Code Over BSC(0.1)y = (0,1,1,0,0,0,0), P(yl = x |xl = x) = 0.9, P(yl = 1− x |xl = x) = 0.1H =





1 1 0 1 0 0 00 0 1 1 0 1 00 0 0 1 1 0 1 



x1 x2 x3 x4 x5 x6 x7
1 
2 
3fi(x) = P(yi |x), f2(·) = f3(·) = (0.1,0.9)f1(·) = f4(·) = f5(·) = f6(·) = f7(·) = (0.9,0.1)1{x∈C} = 1{x1+x2+x4=0}1{x3+x4+x6=0}1{x4+x5+x7=0}x̂1 = arg maxx1∈{0,1} ∑x2,...,x7 7
∏i=1 fi(xi )1{x∈C}x̂4 = arg maxx4∈{0,1} ∑x1,x2,x3,x5,x6,x7 7

∏i=1 fi(xi )1{x∈C}Bitwise ML De
oding Algorithm for LDPCs 14 of 17



Belief Propagation AlgorithmInitialization:x set all 
he
k-to-variable messages to (1,1)(1,1)Node pro
essing update rules:Update all variable-to-
he
k and then all 
he
k-to-variable messages.xi(M1(0),M1(1))
· · ·

(Md (0),Md (1)) (m(0),m(1))m(x) = P(yi |x)∏dj=1Mj (x) 
(m1(0),m1(1))
· · ·

(md(0),md (1)) (M(0),M(1))M(x) = ∑x1,...,xd 1{x1+···+xd=x} ∏di=1mi (xi )Repeat these node pro
essing update rules as many times as needed.Bitwise ML estimate of bit xi :xi(M1(0),M1(1))
· · ·

(Md (0),Md (1)) x̂i = argmaxx∈{0,1}P(yi |x)∏dj=1Mj(x)Bitwise ML De
oding Algorithm for LDPCs 15 of 17



Simpli�
ation of the Messages
Message update rules 
an be simpli�ed to only tra
k onenumber, log-likelihood ratiol = lnr = lnm(0)m(1)Derivation ...
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Belief Propagation AlgorithmLog-likelihood Ratio DomainInitialization:x set all 
he
k-to-variable messages to 00Node pro
essing update rules:Update all variable-to-
he
k and then all 
he
k-to-variable messages.xiL1
· · ·Ld ll = ln P(yi |0)P(yi |1) + ∑dj=1 Lj 
l1

· · ·ld LL = 2tanh−1 (

∏di=1 tanh(li/2))Repeat these node pro
essing update rules as many times as needed.Bitwise ML estimate of bit xi :xiL1
· · ·Ld x̂i =

{0 if ln P(yi |0)P(yi |1) + ∑dj=1 Lj > 01 otherwiseBitwise ML De
oding Algorithm for LDPCs 17 of 17


